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Abstract 

This is the first of series of articles in which we are going to stndy the 
regularized determinants of the Laplacians of Calabi Yau metrics acting on 
(0, q) forms on the moduli space of CY manifolds with a fixed polarization. 

It is well known that in the case of elliptic curves, the Kronecker limit 
formula gives an explicit formula for the regularized determinant of the 
fiat metric with fixed volume on the elliptic curves. The following formula 
holds in this case 

exp (A(;(s) |s = o) = det A(o,i)(r) = (Imr)^ (1) 

where 7;(r) is the Dedekind eta function. It is well known fact that » 7 (r)^'’ 
is a cusp automorphic form of weight 12 related to the discriminant of the 
elliptic curve. 

Formula 0 implies that there exists a holomorphic section of some 
power of the line bundle of the classes of cohomologies of (1,0) forms 
of the elliptic curves over the moduli space with an norm equal to 
det A(ou) (t). This section is The purpose of this project is to find 

the relations between the regularized determinants of CY metric on (0,1) 
forms and algebraic discriminants of CY manifolds. 

In this paper we will establish the local analogue of the formula o 
for CY manifolds. 

* Partially supported by The Institute of Mathematical Sciences of The Chinese University 
of Hong Kong. 
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1 Introduction 

1.1 General Comments 

The regularized determinants play an important role in different branches of 
Physics and Mathematics. The explicit formulas for the regularized determi¬ 
nants have many important applications both in Mathematics and Physics. 
They are well known. This is the first of a series of papers in which we will 
study the regularized determinant of the Laplacians of CY metrics on (0, q) 
forms. We will first review the computation and the main results about the the 
regularized determinant of the flat metric on the elliptic. We will describe its 
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relations to the discriminant locus and then we will describe our program how 
to generalize the results in the case of elliptic curves to CY manifolds. 

An easy computations show that the zeta function of the Laplace operator of 
the flat metric on an elliptic curve with periods (1 , t) is given by the expression 


E{s) = 



E 

n,m^Z&:(n,m)7^(0,0) 


1 

\n + mrP® 


where t € C, Im t > 0 and ’ means that the sum is over all pair of integers 
(m,n) 7 ^ (0,0). The computation of the regularized determinant in the case of 
the flat metric on an elliptic curve is based on the Kronecker limit formula. See 
m It states that E{s) has a meromorphic continuation in C with only one 
pole at s = 1 and 


exp ( -—E{s)\s=o ) = 


(Imr)^ \r]\^ 


where rj is the Dedekind eta function. Thus formula © implies that 
det = exp ^^£’(s)|s=o^ = (Imr)^ \r]f . 


( 2 ) 

(3) 


Let us denote by Gfe(r) the Eisenstein series of the lattice spanned by 1 and r. 
Then the elliptic curve Er = C/ (n + mr) is given by 


= 42-3 _ 


where g 2 = 6 OG 2 and gs = I 4 OG 3 . The formula for the discriminant A(r) of the 
elliptic curve is given by 


A(t) 


gl('r) - 27g|(T) 
1728gi(r) 


(4) 


It is a well known formula that A(t) = 77 Thus the formula for the regu¬ 
larized determinant of the Laplacian is related to the discriminant of the elliptic 
curve Et. 

In this paper we will use the following method of deriving @ . See m] and 
m Compute the Hessian of logdet Ar^i and show that 


log det A ,-4 = —dd^^ log Im r = dd^^ log , u;,-). (5) 


Thus lO implies that logdet A^-^i is a potential of the Poincare metric on the 
upper half plane f), which is the Teichmiiller space of marked elliptic curves. 
Notice that 


Imr = — 


f 




Au)r = (uJrjUJr) 


E 
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where ujr are holomorphic one forms on the elliptic curves normalized as follows: 

= 1 , ( 6 ) 

70 

where 70 is one of the generators of This means that: From the 

relation © we derive that we have 

det = {ujr,ujr) \ri{T)\^ = (Imr)^ \ri \'^, (7) 

where 77 (r) is a holomorphic function. 

We will outline how 0 implies that ? 7 (r) is the Dedekind eta function. This 
can be done in several steps. The first step is to prove that det A^-^i is a bounded 
function on the moduli space of the elliptic curves. The next step is to prove that 
= Imr has a logarithmic growth near the the infinity of PSL 2 (Z)\(). 
This will imply that |? 7 ('r)| must vanish at infinity. It is not difficult to see that 

§L 2 (Z)/ [SL 2 (Z),SL 2 (Z)] « Z/12Z. ( 8 ) 

The normalization © implies that (uJtjLOt) = Imr is an automorphic form of 
weight —2. Thus 0 and © imply that r 7 (r)^^ will be a cusp form of weight 
12 up to a constant. This will prove that r]{T) is the Dedekind eta function. 
This fact intuitively represents the following observation, when the metric de¬ 
generates then the discrete spectrum of the Laplacian in the limit turns into a 
continuous spectrum which contains the zero. Thus the regularized determinant 
must vanish at the points of the compactified moduli space that corresponds to 
singular manifolds, det A^,i is a bounded function on P§L 2 (Z)\[). 

One of the observation in this paper is that the normalization of the period 
of the holomorphic form lOt © is related to the choice of a maximal unipotent 
element of the mapping class group as follows. It was proved in m that maximal 
unipotent elements in the mapping class group correspond to a monodromy 
operator T acting on the middle cohomology group of a generic hbre of a family 
of projective algebraic varieties over the unit disk with only one singular hbre 
over the origin of the disk. Grothendieck proved that we always have: 

(T^ - id)^+^ = 0 

where N is some positive integer and n is the complex dimension of the hbre 
of the family. Maximal unipotent elements corresponds to Jordan blocks of 
dimension one. In case of CY manifolds it was proved in |2J that if T has 
maximal index of unipotency then T has a unique Jordan block of dimension 
n -b 1. Thus once we choose the unipotent element of the mapping class group 
we can associate to it a unique up to a sign primitive class of homology in the 
middle homology group which corresponds to the invariant vanishing cycle. The 
cycle 7 o that appears in © is the vanishing invariant cycle associated with the 
maximal unipotent element. 

It is a classical fact that the Dedekind eta function is related to the algebraic 
discriminant of the equation that defines the elliptic curve. Thus the arguments 
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that we provided to prove that the absolute value of the holomorphic function 
that appeared in 0 is in fact the analytic analogue of the discriminant. This 
follows from the fact that detAT.i can be interpreted as the norm of a 
holomorphic section of some power of the line bundle of the holomorphic one 
forms over the moduli space of elliptic curves. In our next publications we will 
generalized these arguments for CY manifolds. 

This paper is the first one in the realization of the above described pro¬ 
gram. In it we will compute logdet We will show that locally in the 
Teichmiiller space of the polarized CY manifolds we have 

dd'^ logdet Ai-_i = d(F log , (9) 

where lOt is a family of holomorphic n forms. Thus 0 implies 

det Ar.i = (a;r,a;r) |??(t)P. (10 ) 

In fact by proving m we generalized 0 for higher dimensional CY manifolds. 

In the case of elliptic curves formula © implies that logdet At-u is the po¬ 
tential of the Poincare metric on the upper half plane which is the Teichmiiller 
space of elliptic curves. In we proved that dd'^ log {iVr, oJt) gives the imagi¬ 
nary part of the Weil-Petersson metric on the Teichmiiller space of polarized CY 
manifolds. Thus by establishing formula © , we proved that the logarithm of 
the regularized determinant det A^.i forms is the potential of the Weil Petersson 
metric. 


1.2 Outline of the Main Ideas 

The ideas that we used in this paper are similar to the ideas used in [H] to es¬ 
tablished variational formulas for regularized determinants on vector bundles on 
Riemann surfaces. We need first to fix the coordinates of the local deformation 
space of the fix CY manifold Mg with a fix polarization class. In fact we use the 
coordinates (r^,...,T^) introduced in m- These coordinates were later used 
in string theory. See The coordinates (r^, ...,r^) depend on the choice of 
a basis of harmonic forms (j)i,...,4>N of il^(Mo,T^’°). In these coordinates we 
have the following local expression for the family dr on Mg : 


A 


di,T = == - > T" 


N 

fc=i 


-— 

k,idz^ 


+ 0{t% 


where (z^,...,z"') are local coordinates on Mg. Thus we get that dr depends 
holomorphically on r and 

■^dr = -(j)i odo + 0 {t). (II) 

From the uniqueness of the solution of Calabi conjecture by Yau we know that 
once we fix the polarization class then we obtain a family of Calabi Yau metrics 
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gr such that Im = L. One of our results is that Im gr is a constant symplectic 
form. From here and the expression for dr we obtain that dr depends anti 
holomorphically on r. 

After these preliminary results we are ready to compute the Hessian of 
logdet If we know the expressions for A^^^, where A^^^ = 

then we know how to compute —-■—= log A,- So we will describe the ideas of the 
computations of g j log g ■ Since by definition of the regularized determi¬ 
nants of the Laplacians are given by the formula ^ = exp ^Ca” ('®)) ls=o 
all our computations are based on the following expression 

OO 

( 12 ) 

0 


From m and m we obtain 



r—0 — 


OO 

J Tr(exp{-t{Af^ JoAQ^^odo^oT\q+l,f,)od^'^t^dt, (13) 
0 

where (j)i G ]HI^(M,0) are the Kodaira-Spencer classes viewed as bundle maps: 

and T {q + l,4>i) are the map induced by 

A idg-i : ^ C°° ® . 

on C°° and restricted in Imi9. From iTH^ we obtain 

d^ 


dri dA 


{C,g{s)) = 


F(s) 


^ ((^exp(-t o odr^ oF'{q + l,(j)i)odo'^ t^dt+ 


r(s) 


OO 

J Tr ^exp(-t (a^ o ^ (At.,) o ^ o F {q + 1, (j)i) o do^ t'^dt. 


(14) 
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Following the ideas in to integrate by parts m we derive that: 

OO 

Jtt (exp T{q + o^)) 

0 

(15) 

By using the short term asymptotic expansion of exp (—,^^ 2 ) we derive that 


1 

Tr (exp (-tA^ ^ (16) 

k——n 


Combining 03 and dia we get that 


_d 

ds 


92 


dr^dri 


C,q{s) 


92 


|s=0 — 


dr^dr^ 


log det A 




0^0,qf- 


In this paper we gave an explicit formula for ao,g- By using the expressions for 
00,1 and ao,n-i we show that d o d‘^ (logdet A,-^i) = —ImVFP, where ImVFP 
is the imaginary part of the Weil-Petersson metric. This can be viewed as the 
generalization of the results in d and d 


1.3 Organization of the Paper 

This article is organized as follows. 

In Section 2 we introduce some basic notions about zeta functions of Lapla- 
cians on Riemannian manifolds. We review the results from m 

In Section 3 We review the basic properties of the Weil-Petersson metric 
on the moduli of CY manifolds. See also d 

In Section 4 we review the theory of moduli of CY manifolds following 
m and also metrics with logarithmic singularities on vector bundle following 
Mumford’s article [?]. We prove that the metric on the dualizing line bundle 
over the moduli space of CY manifolds is a good metric in the sense of Mumford. 
This implies that the volumes of the moduli spaces of CY manifolds are rational 
numbers. 

In Section 5 we review some facts about the Hilbert spaces of the (0, q) 
forms and their isospectral identifications which we used in the paper. We 
also study traces the operators acting on the p2 sections of some vector bundle 
induced by some global C°° section its endormorphisms composed with the heat 
kernel. We study the short term expansions of these operators and especially 
the constant term of the expansion. 

In Section 6 we establish the variational formulas for the zeta functions of 
the Laplacians and its regularized determinants. We also showed that 

dd‘^ log det Ar,i = — Im W.P. 

In Section 7 we prove that for Kahler Ricci flat manifold N with = 

0 we have 

dd‘^ log det Ar^n = — Im W.P. 
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2 Preliminary Material 

2.1 Basic Notions 

Let M be a n-dimensional Kahler manifold with a zero canonical class. Suppose 
that H^(M.,Om) = 0 for 1 < A: < n. Such manifolds are called Galabi-Yau 
manifolds. A pair (M,L) will be called a polarized CY manifold if M is a CY 
manifold and L G is a fixed class such that it represents the imaginary 

part of a Kahler metric on M. 

Yau’s celebrated theorem asserts the existence of a unique Ricci flat Kahler 
metric g on M such that the cohomology class [Im{g)] = L. (See From now 
on we will consider polarized CY manifolds of odd dimension. The polarization 
class L determines the CY metric g uniquely. We will denote by 

Aq = d* od + dod* 

the associated Laplacians that act on smooth (0, q) forms on M for 0 < g < n. 
d is the adjoint operator of d with respect to the CY metric g. 

The regularized determinants are defined as follows: Let (M,g) be an n- 
dimensional Riemannian manifold. Let 

Ag = dd* + d*d 

be the Laplacian acting on the space of q forms on M. We recall that the 
spectrum of the Laplacian is positive and discrete. Thus the non zero eigen 
values of Ag are 

0 <t Al ^ A 2 ^ ... ^ Ayi ^ ... 

We define the zeta function of as follows: 

00 

i=l 

It is known that Cq{s) is a well defined analytic function for Re(s) ^ C, it has 
a meromorphic continuation in the complex plane and 0 is not a pole of Cqi^)- 
Define 

det(A,) = exp (C 9 (s)) ls=o^ ■ 

^Notice that since = 0 for CY manifolds. 
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The determinant of these operators Aq, dehned through zeta function regular¬ 
ization, will be denoted by det(Ag). 

The Hodge decomposition theorem asserts that 

=Im(a)©Im(9*) 

for 1 < g < dime M —1. The restriction of Aq on Im(9) will be denoted by 
and Aq = d o d and the restriction of on Im(9 ) will be denoted by A” 
and = d o d. Hence we have 

Tr{exp{—tAq) = Tr(exp(—fA^) -|- Tr(exp(—fA^). 

This implies that 

OO 

(q{s) = ^ * = Cg(s) + Cq («)) 

fc=l 

where > 0 are the positive eigen values of Aq and (q{s) & C’q{s) are the 
zeta functions of Aq and A”. From here and the dehnition of the regularized 
determinant we obtain that 

logdet(Aq) = logdet(Ag) -I- logdet(A”). 

It is a well known fact that the action of Aq on Im d is isospectral to the action 
of A^_|_]^ on Im9, which means that the spectrum of Aq is equal to the spectrum 
of A^_|_]^. So we have the equality 

det(A”) = det(Ag+i). 


Notation 2 Let f be a map from a set A to a set B and let g be a map from 
the set B to the set C, then the compositions of those two maps we will denote 
by fog- 

2.2 Basic Notions about Complex Structures 

Let M be an even dimensional C°° manifold. We will say that M has an almost 
complex structure if there exists a section I G Hom{T*,T*) such that 

P = —id. T is the tangent bundle and T* is the cotangent bundle on M. This 
definition is equivalent to the following one: Let M be an even dimensional 
C°° manifold. Suppose that there exists a global splitting of the complexified 
cotangent bundle 

© C = 

where Then we will say that M has an almost complex structure. 

We will say that an almost complex structure is an integrable one, if for each 
point X gM there exists an open set U cM such that we can find local co¬ 
ordinates z^, 2 ”, such that dz ^,.., dz" are linearly independent in each point 
m G U and they generate 
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Definition 3 Let M be a complex manifold. Let (j) € T{M, Hom(Ll\^ 
then we will call </> a Beltrami differential. 


Since 

r(M, Hominlf, ^ r(M, ® T^f), 

we deduce that locally (p can be written as follows: 

From now on we will denote by the following linear operator: 

id 4 >{t) 

(P{t) id 

We will consider only those Beltrami differentials (p such that det(A 0 ) 0. The 
Beltrami differential (p defines an integrable complex structure on M if and only 
if the following equation holds: 

d(p=]^[(p,(p], (17) 

where 

n / n \ 0 

[ci>A]\u■■=Y1 E (18) 

1^=1 l^a</3^n \a‘=1 / 

(See uni-) 

2.3 Kuranishi Space and Flat Local Coordinates 

Kuranishi proved the following Theorem: 

Theorem 4 Let {(pi} be a basis of harmonic (0,1) forms o/IHI^(M, T^’°) on 

a Hermitian manifold M. Let G he the Green operator and let (p{T^, be 

defined as follows: 

(/)(r\...,r^) = '^(P,T^ + -d*G[(p{T'^, ...,t^),(P{t'^ , ...,T^)]. (19) 

There exists e > 0 such that ifr = (r^, t^) satisfies \Ti\ < e then (^(r^, t^) 
is a global G°° section of the bundle ® .(See ]2ll^. ) 

Based on Theorem 0] we proved in m the following Theorem: 
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Theorem 5 Let M be a CY manifold and let {4>i} be a basis of harmonie (0,1) 
forms with coefficients in T^'^, i.e. 

then the equation 13 has a solution in the form: 

N 

i=l \In\^2 

and d t^) = 0, where In = (*i,---,* 7 v) is a multi¬ 

index, 

(t>i^ G 

and if for some e > 0 |r*| < e then Air) G ® T^’°) where i = 

{See m and El). 

It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory 
that for each 

T = (r^, T^) G 1C 

as in Theorem El the Beltrami differential (j){r, defines a new integrable 

complex structure on M. This means that the points of K., where 

/C:{r = (r\...,r^)||r*|<£} 

defines a family of operators dr on the G°° family 

/C X M ^ M 


and dr are integrable in the sense of Newlander-Nirenberg. Moreover it was 
proved by Kodaira, Spencer and Kuranishi that we get a complex analytic 
family of CY manifolds tt : X ^ 1C, where as C°° manifold X x: /CxM. The 
family 

TT-.X^JC ( 20 ) 

is called the Kuranishi family. The operators dr are defined as follows: 


Definition 6 Let {lAi\ be an open covering of M, with local coordinate system 
inUi given by {z!f} with k = =dimcM. Assume that ..., r^)|tY. is 

given by: 

(t>{r,...,T^) = (<))(r\...,T"))| dz^ ® 

j,k=l 


Then we define 


(d) 




d 


^(</.(r\...,r^))^ 




•?' dz^' 


( 21 ) 
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Definition 7 The coordinates t = defined in Theorem\^ will be 

fixed from now on and will be called the flat coordinate system in 1C. 

2.4 Family of Holomorphic Forms 

In [221 the following Theorem is proved: 

Theorem 8 There exists a family of holomorphic forms Ur of the Kuranishi 
family (113) such that 

([Wt-], = 

1-^ (cjo-i {(fi A (/>fc), wq-i {(fj A fii)) = 

1 - ^ (wo-i {(fi A ipk ), Wo-I i4>j A fii)) + O(r^) and 

'i'J 'i'J 


(K], K]) < ([wo], [wo]) ■ 


( 22 ) 


3 Weil-Petersson Metric 


3.1 Basic Properties 

It is a well known fact from Kodaira-Spencer-Kuranishi theory that the tangent 
space Trx at a point t G 1C can be identified with the space of harmonic (0,1) 
forms with values in the holomorphic vector fields 11^(14,-,T). We will view 
each element G ]HI^(Mt-,T) as a point wise linear map from to 

Given fii and (j )2 C 111^(14,-, T), the trace of the map 


(fi o 4>2 ■ Cl 


(0,1) 

Mt 


n 


(0.1) 

Mx 


at the point m GM,- with respect to the metric g is simply: 


n 

Tr{fi,o^)= Y. (0l)-f(^/"5fe.rn (23) 


Definition 9 We will define the Weil-Petersson metric on 1C via the scalar 
product: 

J Tr{(j)iO(j)2)vol{g). (24) 

M 

We proved in [221 that the coordinates 

r = (r\...,r^) 

as defined in Definition (Hare flat in the sense that the Weil-Petersson metric is 
Kahler and in these coordinates we have that the components j of the Weil 
Petersson metric are given by the following formulas: 
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9i3 = Sij + + 0(r3). 

Very detailed treatment of the Weil-Petersson geometry of the moduli space 
of polarized CY manifolds can be found in [23| and |23]. In those two papers 
important results are obtained. 

3.2 Infinitesimal Deformation of the Imaginary Part of 
the WP Metric 

Theorem 10 Near each point tq of the Kuranishi space K., the imaginary part 
Im(5) of the CY metric g has the following expansion in the coordinates r := 

Im(g)(T,T) = Im(g)(ro) + 0 ((t - Tof ). 

Proof: Without loss of generality we can assume that tq = 0. In m we 
proved that the forms 

e’;=dz’^ + Y,{^{r\-.r^)T)d7 (25) 

1=1 

for k = form a basis of (1,0) forms relative to the complex structure 

defined hy t G K, inU cM. Let 

Im(5^) = j 9k;i('^,T)0r A 6»(. j (26) 

\l<k<l<n J 

and 

N 

9krii'^N) = 9kji0) + '^ j" + (9'kyM))-C) +0(2). (27) 

i—1 

We get the following expression for Im)^,-) in terms of dz* and dzY by substi¬ 
tuting the expressions for 9^ from US) and the expressions for 5^, |(r, r) from 
formula m in the formula 


Im(5T-) = 


9k,r)9’f A 6»(. 

\l<k<l<n 


= ^ 9k,-ii^)dz’‘ 

\l<k<l<n 


A dz^ 


N 


I 


E 

i=l \ l<fe<Z<n 


n > 

(dfcj(l))^ A dz' -f ^ {gk,rn(t>^j - 9l,rn(t>^-j:)dz'" A dz‘ 


m—1 


-f 


1 A- 


X! j(l)) . A ^ ^9k,rn(l)'^j - A dz^ 


^ 2=1 \ l<fc<Z<n \ m —1 

On page 332 of the following results is proved: 
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Lemma 11 Let (j) G EI^(M, T) be a harmonic form with respect to the CY metric 
g. Let 

k,l^l 

then 

n n 

<%,! = E 9j,k ^J=Y 9if = hk- 

i=i i=i 

From Lemma llll we conclude that 

n 

Y(9k,rnY}-9l,rn^)=0. ( 28 ) 

m=l 

From OHl) we get the following expression for Im(gT-): 


Im(5^) = 



Pf, j(0)fiz^ A dz’- 









l<k<l<n 


dz^ A dz^ 


+ 0 ( 2 ) 


Let us define the (1,1) forms ij^i as follows: 



( 29 ) 


( 30 ) 


We derive the following formula, by substituting in the expression (1^ the 
expression given by CT : 


N N 

Im(5T) = Im(5o) + E + E + ( 31 ) 

From the fact that the class of the cohomology of the imaginary part of the CY 
metric is fixed, i.e. [Im(5T-)] = [Im(go)] = L, and 13111 we deduce that each ipi 
is an exact form, i.e. 

ipi = ( 32 ) 

where fi are globally defined functions on M. Our Theorem will follow if we 
prove that ipi = 0. 

Lemma 12 -ipi = 0. 
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Proof: In we proved that 

det(5T-) = A” Im(5T-) = det(5o) + 0(2) (33) 

in the flat coordinates We deduce from the expressions (ED and 

ED, by direct computations that: 


N 

det(5r) = det(go) + 





1 

7^ 


i=i \ k.i 


+ 0 ( 2 ). 


Combining ED and ED we obtain that for each i we have.' 


E5'’"5fe5z(/.) = A(/i) = 0, 

k,l 


(34) 


where A is the Laplacian of the metric g. From the maximum principle, we 
deduce that all fi are constants. Formula 113211 implies that ij^i = 0. Lemma El 
is proved. ■ 

Theorem cni follows directly from Lemma El Theorem El is proved. ■ 


Corollary 13 The imaginary part Im^,- of the CY metric is a constant sym- 
plectic form on the moduli space iXllL(M). 


Corollary 14 The following formulas are true: 

(dr)* = 0 and =£= (dr)* = 0. (35) 

dn ^ ’ dn 

Proof: We know from Kahler geometry that (5r)* = where At is 

the contraction with (1,1) vector field: 

rzT ” _ _ 

At = ^ E 9r\9[)* A (O'))* (36) 

k,l^l 

on Mr and {0\.y is (1,0) vector field on M^- dual to the (1,0) form 

N n 

d; = dA + ^r^(^(,^,)L^")). 

j=i k=i 

CorollarvI 1 31 implies that ^(Ar) = 0. On the other hand, dr depends antiholo- 
morphically on r, i.e. it depends on r = (Tf, ...,rJv). So we deduce that.' 




Tj—(A t),9t 

UTi 


+ 


At, ^^(dr) 

UTi 


= 0 . 


Exactly in the same way we prove that = (dr )* = 0. Corollarvllllis proved. 
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4 Moduli of CY Manifolds 

4.1 Basic Construction 

Definition 15 We will define the Teichmuller space T(M) of a CY manifold 
M as follows: T{M) := J{M)/Dif fo{M), where 

T{M) := {all integrable complex structures on M} 

and DiffQ(M) is the group of diffeomorphisms isotopic to identity. The action 
of the group Diff(MQ) is defined as follows; Let (j) &L>iffo(M) then (f acts on 
integrable complex structures on M by pull back, i.e. if 

I e HomlT{M), T{M)), 

then we define ^(/r) = 

Definition 16 We will call a pair (M;7i, a marked CY manifold where 

M is a CY manifold and {7i,...,7b„} is a basis of Hn{M,ZJ/Tor. 

Remark 17 Let K, be the Kuranishi space. It is easy to see that if we choose a 
basis of Hn(M,Z)/Tor in one of the fibres of the Kuranishi family tt : At ^ /C 
then all the fibres will be marked, since as a C°° manifold X/c ~Mx/C. 

In 122 the following Theorem was proved: 

Theorem 18 There exists a family of marked polarized CY manifolds 

ZL^f{M), (37) 

which possesses the following properties: a) It is effectively parametrized, b) 
The base has dimension c) For any marked CY manifold M of fixed 

topological type for which the polarization class L defines an imbedding into 
a projective space CP'^, there exists an isomorphism of it (as a marked CY 
manifold) with a fibre Ms of the family Z^. 

Corollary 19 Lety —be any family of marked polarized CY manifolds, then 
there exists a unique holomorphic map (f> :X—i- T{M) up to a biholomorphic map 
Ip of M which induces the identity map on Hn{M,'L). 

From now on we will denote by T(M) the irreducible component of the 
Teichmuller space that contains our fixed CY manifold M. 

Definition 20 We will define the mapping class group Ti(M) of any compact 
CP° manifold M as follows: Ti(M) = Dif f+{M)/Dif fo{M), where Dif f+{M) is 
the group of diffeomorphisms of Mpreserving the orientation of M and Dif fo^M) 
is the group of diffeomorphisms isotopic to identity. 

Definition 21 Let L G Z) be the imaginary part of a Kohler metric. 

Let T 2 := {(p G Ti{M)\cP{L) = L}. 
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It is a well know fact that the moduli space of polarized algebraic manifolds 
M^(M) = r(M)/r2. In Ea the following fact was established: 

Theorem 22 There exists a subgroup of finite index of T 2 such that F ^ acts 
freely onT(M) andV\T(M)= dyiL(M) is a non-singular quasi-projective variety. 
Over ^l(M) there exists a family of polarized CY manifolds A4 

Remark 23 Theorem \2iH imvlies that we constructed a family of non-singular 
CY manifolds tt : X over a quasi-projective non-singular variety 

fOlL(M). Moreover it is easy to see that X cCP^ x DJIl{M). So X is also 
quasi-projective. From now on we will work only with this family. 


5 Hilbert Spaces and Trace Class Operators 


5.1 Preliminary Material 

Definition 24 We will denote by Lq ^(Im(i9 )) the Hilbert subspace in 

which is the completion of d* exact forms in for q > 0. 

In the same manner we will denote by Lf ,j_i(Im(9)) the Hilbert subspace in 

which is the if competition of the d exaet (l,g — 1) forms in 
for q > 0 . All the completions are with respect to the scalar 
product on the bundles iV’ff defined by the CY metric g. 

Let ^ ) be a solution of the equation (ITTIl : 






N\ 


which is guaranteed by Theorem 0 From Definition |21 of the Beltrami differen¬ 
tial, we know that the Beltrami differential ) defines a linear fibrewise 

map 




)(F0) 

M 


n 


( 0 . 1 ) 

M 


So 

e (38) 


Definition 25 IFe define the following maps between vector bundles 


(j) Aid : 


n 


(0.9) 

M 


as 

<f{dz^ Aa) = 4>{dz'‘) A a 

for eaeh 1 < q < n. Clearly each fibre wise linear map (fAidq-i defines a natural 
linear operator 

F{q,4>) : ^ 
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between the Hilbert spaces. The restriction of the linear operator F(q,(j)) on the 
subspace Im(9) C L^(M, to Iin(9) C L^(M, will be denoted by 

F'{q, (p). The restriction of the linear operator F(q,(j)) on the subspace Iin(9*) C 
to Im ^ C L^(M, will be denoted by F" {q,(j)). Let (p 

and Ip be two Kodaira Spencer classes and let 




be fibrewise linear map given by 


(Potp\u:= {(polp)'^dz0 • 


a,p=l 

We define the fibrewise bundle maps 


dz° 


(39) 


{(pofp) A idq^i : - 


(40) 

as follows: 



{{(pofp) Aidq-i) (w) := ^ E ® 

(41) 

where j means contraction of tensors and ui is 
on M. We will define for the linear operators 

some global form of type (0, q) 

T'{q,(poiP) : Ll ,j{lTn(d)) 

Ll,q{lm{d)) 

(42) 

and 

T" (q, (potp) : Ll g(lm{d)*) 

Llqilmm 

(43) 


as the restriction of the operators ((<() o ^ A idq-i') on Lq ,j(Iin(9)) and Lq ,j(Im(i9)*) 
respectively. 


Remark 26 It is a standard fact that we can choose globally d closed forms 
ui, ...,ujn of type {0,q) such that at each point z GM they span the fibre 
We can deduce directly from the definitions of the operators F'{q,(p),T {q,(poip) 
and F {q,'ip o (p) and the existence of the forms uji,...,u!n that the operators 
F'{q,(p),F {q,(poip) and F {q,ip o (p) pointwise will be represented by matrices 
of dimensions (”), (^) and n x 


5.2 Trace Class Operators (See [3J) 

Let H he & Hilbert space with a orthonormal basis e^. An operator A is a 

Hilbert-Schmidt operator if 

PliL = E ^ |(Ae„ e,)|^ < oo 

i ij 
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is finite. The number is called the Hilbert-Schmidt norm of A. If A is a 

Hilbert-Schmid so is its adjoint A* and ||A||^g = ||A*||^g . If {7 is a bounded 
operator on H and A is an Hilbert-Schmidt, then U o A and AoU are Hilbert- 
Schmidt operators and ||17 o A||^g < ||A o . 

In this paper we will consider the Hilbert spaces of the square integrable 
sections of the bundles 0 |Am|^^^ on M, where |Am| is the trivial density 
bundles generated by the volume form of the CY metric. 

An operator K with square-integrable kernel 

k{w, z) e (m X M, ® K ® lAMr^')) 

is Hilbert-Schmidt, and 

\\K\\]jg= j Tr{k{w,z)*k{w,z)). (44) 

(u',z)GMxM 

Formula (Ell follows from the definition of the Hilbert-Schmidt norm 

ll^llL = EK^e„e,)|^ 

An operator K is said to be trace class if it has the form Ao B, where A and 
B are Hilbert-Schmidt. For such operators, the sum 

TrK = Y,{Ke,,ei) 

i 

is absolutely summable and TrK is independent of the choice of the orthonormal 
basis in H and is called the trace of K. 

5.3 Adiabatic Limits, Heat Kernels and Traces 

In this subsection we study the traces of operators which are compositions of the 
heat kernel with operators induced by endomorphisms of some vector bundle. 
We will use some of the results from and will adopt them to our situation. 

Let /i be a metric on a vector bundle E over M. Let be the Laplacian on 
E. It is a well known fact that the operator exp(—tA/j) can be represented by 
an integral kernel: 

kt{w,z,T) = {-tXj) ®(j)j{z), 

3 

where \j and (pj are the eigen values and the eigen sections of the Laplace 
operator on some vector bundle E on M. kt{w,z,T) is an operator of trace 
class. We know that the following formula holds for the short term asymptotic 
expansion of Tr {kt{w, z, r)) 

Tr(kt{w, z, t)) = -k ... -k ^ -k ao + 0{t). 
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Let E he a, holomorphic vector bundle over M, let (p € C°°(M,Hom(E, E)). It 
is easy to see that the operator exp(—A/j) o </) is of trace class and its trace has 
an asymptotic expansion 

Tr(kt{w,z,T)o(j)) = + ■■■ + + /3o((^) + 0{t) (45) 

according to We will study the following problem in this section; 


Problem 27 Find an explicit expression for /3o{4>). 


Definition 28 We define the funetion k‘^{w, z,f) in a neighborhood of the diag¬ 
onal A in MxM as follows: Let pr he the injectivity radius on Mr- Let dr{w, z) 
be the distance between the points w and z on Mr with respect to CY metric 
gr- We suppose that |r| < e. Let S be such that S > pr- Then we define the 
function kf{w, z,t) as a CP° function on MxM using partition of unity by using 
the functions 


kf{w,z,T) 


lfdr{w,z)<Pr 

0 if dr{w, z) > S. 


(46) 


defined on the opened balls around countable points {wk,Zk) on MxM with in¬ 
jectivity radius Pr- 


Let i? be a holomorphic vector bundle on M with a Hermitian metric h on 
it and let Vriw, z) be the parallel transport of the bundle E along the minimal 
geodesic joining the point w and z with respect to natural connection on E 
induced by the metric h on E. It was proved in on page 87 that we can 
represent the operator exp(—tA/j) by an integral kernel kt{w,z,T), where 


kt{w, z, t) = kf{w, z, t) {Vr{w, z) + 0{t)) (47) 

and A/i := o d. 

Definition 29 We will define the kernel kf {w, z, r) as the matrix operator de¬ 
fined by 

kf{w,z,T) = kf{w,z,T)rr{w,z), (48) 

where 

kt{w,z,T) = kf{w,z,T) -h St{w,z,T). (49) 

Let us define 

Ttifi.r.z) := j Tr (^{k'l/fiw.z.T)^ o {kff^{w, z,t) o vol{g)^. (50) 

M 

Proposition 30 We have 

lirn J Tr {et{w, z,0) o (p) vol{g)w = 0. (51) 

M 


20 






Proof: The definition Ei of kf{w,z,t) and the arguments from [S| on page 
260 imply that et{w, z, 0) is bounded and tends to zero away from the diagonal, 
as t tends to zero. From here we deduce that 

lirn J Tr {et{w, z, 0) o (j)) vol{g)w = 0 

M 

uniformly in z. Proposition IdOl is proved. ■ 

Lemma 31 Let E be a holomorphic vector bundle over M, let (j) S C^{M,Hom(E, E)), 
then lirnTt((/), r, z) exists and 

limTti4>,T,z) =Tr{4>\E,). (52) 

Proof: We have: 

limJ,(0,O,z) = limj Tr((fc )yo(k*,(w.z.r}o4,)) vol{g)u, = 

M 

1^/'^^( (47rf)t °^o(w,z)o(/)^ vol{g)^. (53) 

M 

Using the fact that 

Isj = *<*■ - 

limPo(w,z) = id (55) 

W—*Z 

and the explicit formula for Tt{4>,T, z) we obtain that 

= J Tr{S{z-w)o(j))vol{g)uj =Tr{(l){z)\Ej- (56) 

M 

Lemma EH is proved. ■ 

Theorem 32 Letcj) € C°° (^M, then the operator exp{—tAh)o(f> 

for t > 0 is of trace class and its trace is given by the formula; 

Tr (exp(-tA/j) o 0) = J Tti(l),T, z)vol{g)z ^{t)j (57) 

M 

where the short term asymptotic o/$(t) is given by 

No>0 

( 58 ) 
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Proof: The proof of Theorem El is based on the facts that 


exp (—o (p = exp 



o exp 



( 59 ) 


and the operators exp (—|A/j) and exp (—|A?i o can be represented by C°° 
kernels ki{z,w,t) and k^{z,w,t). 

As we pointed out the operators defined by the kernels ki (z, w, t) and w, t) 
are Hilbert-Schmidt operators. Thus since the operator exp{—tAh)o(j) is a prod¬ 
uct of two Hilbert-Schmidt operators it is of trace class. On the other hand the 
definition of the trace of the operator exp(—tA/i) o cp implies that 


Tr (exp(-tA/j) o (p) 



J Tr[{ki{z,w,t))*ok^{z,w,t))vol{gz,w)- (60) 

(z,-u))GMxM 

From the definitions of the function Tt{(p,T,z) and the operator et{w,z,T) we 
deduce that 

Tr {exp{-tAh) o cp) = {{kt/2{w, z,t)) ,kt/2iw,z,T) o cp) = 

{kt/2{w,z,T))* o {kt/2{w,z,T)o<p) vol{g)^ vol{g)^ = 

M \M / 

J '^ti<l},T,z)vol{g)^+ 

M 




$i(t) 


and 



vol{g)z 


$2(t) 



vol{g)z 


(62) 
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then we have 


A^o>0 


6 _ 


No>0 




fc=l 




fe = l 




(63) 


Proof: Let 


No>0 


kf^^{w, z,t) = X ^ + ^o(^’ + ^^k(w, z)t^ 


fc=l 




(64) 


k^l 


be the short term asymptotic expansion of the operator z,t). We know 

that 

\im£t{w, z,t) = 0 (65) 

away from the diagonal A cMxM. Combining lISl) and with the definitions 
of operators kfj^{w, z, r) o ei/iiw, z,t) o (p and {£t/ 2 {w, z, r (lu, z^r) o (j) 

we obtain that 

k*/^{w, z, t) O £ 4 / 2 (w, Z,T)o(j) = 


B-k(w, z) O £^/2(w, Z,t) O (j) 

X - fk - ^ Soiw, z) o £t/ 2 iw, z, r) o (() + 0{t) (66) 

k=l 


and 


{et/2(w, z,t))* o kf^^{w, Z,t) o (j) = 


(£t/2(u’, 2 , t)) * o B-k{w, z) 

fk 


+ {st/ 2 iw,z,T))* oBoiw,z) + 0{t). 


(67) 


Combining ii^ . iinzi) with ( 1 ^ we get that 

limSo(w,z) o et/ 2 {w,z,T) o ,/) = lim [et/ 2 {w, z,t))* o Bo(w, z) = 0 

away from the diagonal. From here we we obtain that 

lirn J Tr {Bo{w, z) o et/ 2 {w, z, r) o tp^ vol{g) = 0 
M 


and 

Tr[{£t/2{w,z,T))* oBq iw,z)^ vol{g) = 0 . 

M 

Lemma M is proved. ■ 

Theorem 1321 follows directly from Lemma 1!^ and (I61II . ■ 
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Theorem 34 We have the following expression for (3o{(j)) from 

PoW = lim J r, z)vol{g):, = J Tr{(l))vol{g). (68) 

M M 

Proof: Theorem El follows directly from Theorem El Lemma El and the 
definition of Tt( 0 , r, z). ■ 

5.4 Explicit Formulas 

Theorem 35 Let T (g, tfotp) be given by the formula i4‘^ - Then for t > 0 and 
q > 1 the following equality of the traces of the respective operators holds 

Tr ^exp o d o T {q, (f o if) o = 

Tr{e^p(^-t/L^o{T'[q.ffoijj))'^ . (69) 

Proof: From Proposition 2.45 on page 96 in [^1 it follows directly that the 
operators 

exp(—tA^_^) o 9 ^ o T {q,(j) o if) o d, exp{—tAg)otF{q,(foif) 

are of trace class since the operators exp(—tA”_]^) have smooth kernels for q> 1. 
We know from Proposition 2.45 in [21 that we have the following formula: 

Tr{DK) = Tr{DA) (70) 

where D is a differential operator and A is an operator with a smooth kernel. 
By using and the fact that the operators A^ and d commute we derive 
Theorem 1351 Theorem 1351 is proved. ■ 

Remark 36 From Dehnition \‘25\ of the operator T (q, (fi ° 4>j) E.em,a.rk \2h\ 
we know that it can be represented pointwise by a matrix which we will denote 
by T (q, ((fi o (fj)). Since kf (z, w, 0) is also a matrix of the same dimension as 
the operator T (q, (fi o (fj) we get that the operator kf (z, w,0) o TF (q, (fi o (fj) 
will be represented pointwise by the product of finite dimensional matrices. So 
the integral 

J Tr[{k*j.^(z,w,0)'^ ok*.^{z,w,0)oF' {q,(fiO(fj)'jvol(g) 

M 

makes sense for t > 0. 

Theorem 37 Let 

Tr {kt{w,z,T)oT (q, {(f^ o (fj))^ = 
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(71) 


be the short term asymptotic. 


+ ^ + |3oi(|)^ o (f>j) + 0{t) 

Then the following limit 



°kf/2 


(z, w,0) oT' {q, (pi o vol{g)y 


vol{g) 


exists and 

Poi^i ^ 4^j) — 



j Tr (q, (l)i o (pj)^ vol{g) < oo. (72) 

M 


Proof: Formulas and ISHl) in Theorem 1321 imply that 

PoiPi o pj) = Im jTt{T {q,pi o pj) ,T,z)vol{g)z 

M 

Theorem 01 imply that 

PoiPiOpj) = <l^j) (T,z)vol{g)^ =Trp {q,piOpp \^. 

M 

(73) 

Formula implies formula f72|i . Theorem EZI is proved. ■ 


6 The Variational Formulas 


6.1 Preliminary Formulas 

Lemma 38 The following formulas are true for 1 < q < n: 

d 


and 


dr' 


d 


{dr) |t=o = -F{q,Pi) ° d 


= (dr) |r=0 = -F{q, pi) o d. 
dr^ 


Proof: From the expression of dr given in Definitional 


m—1 \k—l 


(74) 

(75) 
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we conclude that 


o _ ^ n 

^ 

fc^l 

Formula is proved in the same way as formula Lemma Ei follows 

directly from Definition EHl of the linear operators F {q, </>) and F” {q, </>). ■ 

Corollary 39 The following formulas are true for 1 < q < n: 

(^-. 9 ) Ilm37*) l-=0 = -^”o,g ° O F{q, (f,) O do, 

and 

(^(^^.9) |r =0 =-Ao,g O 9-1 oF'(< 7 +1,^)0^. ( 77 ) 

Proof: From the standard facts of Kahler geometry we obtain that on Im d* 
in we have 

Ar,gllma* = K O dr O dr = K O dr O dr- (78) 

We know from iTTl) and ca that 

-^{df)\r=o = -F' {q + l,(t>j)odo, ^ (Ar) = ^ (i9r) = 0. (79) 

Combining GHl), CZHl) we obtain: 

(^r,,) |t=0 =-^{ArOdrO dr) |r=0 = 

o ^ (a^)^ 1^=0 = -do* oF'{q + l,(j)j)odo. (80) 

Thus on Im d we have 

5: = A;,o^-\ (81) 

Substituting m in PI we obtain the first formula in m- In the same manner 
we obtain the second formula in (TTTIl . Corollary EHl is proved. ■ 


6.2 


The Computation of the Antiholomorphic Derivative 

of C,q-l{s) 


First we will compute the antiholomorphic derivative of C o(s)- 
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Theorem 40 The following formula is true for t > 0: 

OO 


r=0 — 


J Tr (^exp(-i(Ao ,j)oAo ,jo5o-i 0^(9+ !,</.,) 0 ^ 0 ) 


1 


dt. 


Proof: For the proof of Theorem 001 we will need the following Lemma: 
Lemma 41 The following formula is true for t > 0 and 0 < q < n : 

d 


= (Tr(exp (-tA,J)|..o 


dr 

tTr (^exp o o d~^ o ^ (g + !,</>,) o |r=o- (82) 

Proof: Direct computations based on Proposition 9.38. on page 304 of the 
book [0] show that: 


A 

'dr' 


(Tr{exp = -t ^exp (^-tA^,g) o A (A” |^=o- (83) 

See also jO] page 98 Theorem 2.48. Formulas m and in Lemma EH imply 
that _ 

r\ 

= (a^) =-F'(g +l,(^i(r)) o5 (84) 

ot'- 

and on Im d we have 

A{d*) = AikoWr) = f=A^ o^ + Ao = (a;) =0. (85) 

dA dA ^ ’ Kdr* J ' 

The last equality follows from Corollary. |3H1 and d On Kahler manifolds we 
know that d*od + dod*=d o9 + 9oi9 .So we deduce that 

^T,q — (^T O dr + dr O dr) limaT* = ° ^TllmS7*- 

Thus from formulas ilSl) and (IS31i it follows: 

^{^r,q) = (^A = (dT)'j = -drOF'(q+l,(fi(T))od. (86) 
By substituting in the expression from we obtain: 


A 


(^Tr(exp ^-tA^ g^J |^=o = tTr (^exp (-tAg'^ o d^ o F {q + 1, (fi) o do^ ■ 

(87) 
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The operator d* is well defined on the space of C°° (0,q) forms on M,-. So the 
following formula is true on Im : 

d* = (A;,) o {dr)-^ . (88) 

Substituting the expression for d* in formula ilSSI) in m, we deduce formula 
IHH) . Lemma EH is proved. ■ 

The end of the proof of Theorem 1401 The definition of the zeta function 
implies that 


d 



|t=0 


A 



exp(-t(A ) 



|t=0 — 


W) IH (rreM-tiK.,))) \r^ot^-^dt. (89) 

0 

Substituting in (1^ the expression for ^ (Tr (exp(—t(A” ,j))) given by (1^ 
we obtain: 


d 

i9r* 



|r=0 — 


J Tr (^{exp{-t{Al g)) o (Al g) od ^ o F {q + o t^dt. (90) 
0 


Theorem 001 is proved. ■ 


6.3 The Computation of the Hessian of Crqi^) 


Theorem 42 The following formula holds: 


Al_ 

dri dr 



T=0 — 


T’?'((exp(-t(Ao g+i)^ o jc'(g +o ,^i)^ A ^dt. (91) 

0 

Proof: The facts that the operators 

^ {dr) = {-(fi + 0{t)) O do 

depend holomorphically on t and the operator df^ depends antiholomorphically 
imply that the operators df^oF {q + 1, (fi) o do depend antiholomorphically on 
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the coordinates t = By using the explicit formula TO for the 

antiholomorphic derivative of (^g(s) and that 


d 


^ oF'(q + o =0 


we derive 


52 


dr^ 


«;,(»)) = 


00 


r(s) 


D 

Tr ^(exp(-t(A;,j)) o ^ o o F {q + l,'^) Fdt. 


(92) 


Lemma 43 We have the following expression: 
1 


r(s) 


((^ (exp(-t o (a^,j) od^ ^ oF'(g+!,(/),) Fdt ■■ 


—s 

W) 


00 

J Tr (jexp{-tAo g^ oodf^ o f'{ q+l,(j),) o do^ fdt. (93) 


Proof: Direct computations show that 


r(s) 


((^ (^r.g))^ O (^^■ 9 ) °9r^ ° F\Q+^Ai)°do'^ |r=0 


^Fr (exp(-t |r=ooi9o ^ o F (9 + 1, i^i) ° ^ Fdt 


-1 

r(s) J ydt"' yydr^ 


(94) 


By integrating by parts the right hand side of formula 1941) we deduce that: 

00 


r(s) 


r(s) 


CXJ 

J Fr (e^p(“* (^r,g))^ |r=oO'9o"^oF'(g+l,0i)oao^ f~^dt. 

0 

(95) 
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Direct computations of the right hand side of (I95II show that: 


r(s) 


oo 

/ ((^ |r=oo9o"^oi^'(g + l,(/)i)oao^ = 


OO 

0 

Formula (Pli is proved. ■ 

Substituting in (F?^ the expression from for 

OO 

J (a.,,))) ° (a,.,) °9-ioF'(g + i,^)oa^^t^dt 


0 

we get: 


(C9-i.r(^)) 1-0 - 


00 

0 

(96) 

Lemma 44 

OO 

J Tr(j^exp{-t (a^,,)) o (^^. 9 ) \r=o o o F {q + 1,7^) od^'^ t^dt = 

0 

00 

s^Tr ^^exp(-t (^r^g)) Ir-o o (^o) ^ oT {q-\-l,(j}j o cj)i) o do^ (97) 

0 

Proof: Substituting the expression of (I77II for 

^ (Ar.q) |r=0 = -Aq.^O \ F {q + 1, (j)j) O dg 

in the expression of 


J Tr ^(exp(-t o (At.,) |r=o o 9^ ^ o F'(g + 1 , ,^i) o Fdt 

0 
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we obtain: 

OO 

J Tr ^(^exp(-t O (^r.g) |r=0 oag"^ oF'(( 7 + l,^i) t^dt = 

0 

OO 

~ I ((exp(-t (^0.9) ) o ^0.9 o I^o"^ o (9 + 1. </’*) °F\q + 1, (/),) o Fdt. 
0 

(98) 

Simple observations show that 

OO 

J Tr (^(^exp(-t (Aq,,)) o Aq ^ o o F {q + o F {q + 1 , (j)i) o do^ Fdt = 
0 


- y* Tr exp(-t o F {q ^ l,(|)^) o F {q ^ 1, </),) o t^dt. (99) 

0 

By integrating by parts the right hand side of (I99II we obtain: 

OO 

~ J °F'i^+^’^i)°F'{q+l,(t>i)°do^ Fdt = 

0 

OO 

5 y Tr (^exp(-t (Aq^^^ o T (q + 1, 0^) o T (g + 1, (j)i) o do^ 

0 

Thus we derive formula 1171) , i.e. 

OO 

J Tr ^(exp(-t o -F \r=o o o F {q + 1,7^) od^'^ Fdt = 


s J Tr (^(exp{-t \r=oo (do) ^ o F {q + l,(j>j o (j)i) o do'j F ^dt. 


0 

Lemma 1^ is proved. ■ 

Substituting the expression of (1^ in the expression (111(^1 we get the following 
equality: 




r(s) 


OO 

y Tr ((exp(-t(Ao o ^0 ^ o F {q + l,(j)j o (j>i) o di^F~^dt. (100) 


Applying Theorem HH we deduce Theorem 1421 
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6.4 The Computations of the Hessian of logdet g 

Theorem 45 The following formula is true: 


dr^ dr'- 


(logdet A” J 


|r=0 — 


— lim 


/ 


M 


J Tr 2 exp o V o {q + 1, (jji o 



vol{g):. 


- J Tr(^T {q+l,{(l)ioJ])))Jvol{g). ( 101 ) 

M 


Proof: C” g(s) is obtained from the meromorphic continuation of 

CO 

^jTr (exp(-tA;,)) 

0 


Thus it is a meromorphic function on C well defined at 0. So we get that Ct q{s) = 
Mo(t) + gi{T)s + O(s^). From here we deduce 




dri dr'- 


„ ^2 
(Cr.gW) |r=0 = =^Mo(r)|r=0 + 








|r=0S + O(S^) = 


oq + ckis + O(s^). (102) 

Thus from the definition of the regularized determinant 

logdet(A; ,j) = (-C”,g(s))^ |s=o 

we see that 

^ (logde. a;,) |„, = A ((-CM) l.=o) l-.o = -a.- 

(103) 

Combining formula 


dri i 9 t * 



|r=o = J Tr (^(^exp(-f(Ao ^+i)) o ^(9 + 1 ,^^ 
0 




0 
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with the short term expansion: 


1 

"Tr 0^(9 ++ uq + ^{t) (104) 

k— — n 


where 


k——r, 


we obtain: 


i 

^(t) =Tr((exp(-t(Ao,j+i)) oy(q + l,,^jO((.,)^ - ^ ^ 

(C;,(s)) |.=o 


dr^ dr^ 


r=o — 


r(s) 


r(s) 


r(s) 


J ( ^ ^dt + vo J^dt + J + 

,0 '^k=-n J 0 0/ 

X) 

J Tr (^(^exp(-t(Ao,j+i)) oT iq + l,4’j o (j)i)j 
/ ( X! t''~^dt + vo Jd'~^dt + J 

n \k— — n / n n 


dt - 


dt — 


Vis) 


7 ' / — \ 

jTr(^(^exp{-t{AQg_^_^)joT'{q + l,(j}j0^i7)t''~^dt\ . (105) 


By using formula we will prove the following Lemma: 

Lemma 46 We have the following formula: 


dri dA 


(logdet A”^^) 1^=0 = - JTrT {q -\-l,4>iO (j)j)vol{g) = -ai. 

M 


Proof: Lemma 9.34 on page 300 of [2| or direct computations show that 
for |s| < e we have the following identity: 


o-^'(9+o^i)) i'’ ^dt = 

0 

( / ( II + jHt)t"~^da + 

Vo ^k=-n / 0 0/ 
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+ Tr (^(exp{-t{AQ g)^ o {q + o (j)^)^ e ^dt = ^ + k + 0(s). 

1 


(106) 

Combining the expression in with the following standard fact rfe - 

+ O(s^) we obtain from formulas Ijl0511 and IjlOfill that for |s| < e 

{^r,q{s)) | t =0 = Vos + O(s^). (107) 

Thus according to (tma and 

i {<r,qis)) |..o) |s=0 = ^0 = «i. (108) 

Applying Theorem to formula (I108II we deduce that 

ai = r/Q = jTr(^T [q + 1, (j)^ o cj)j)'j vol{g). 

M 


Lemma EH is proved. ■ 

Lemma HHl implies directly Theorem 1451 ■ 

6.5 Some Applications of the Variational Formnlas 

Theorem 47 The following identity holds dd‘^ (log det A^-^) = dd^ ^log det det A” 
-luiW.P. 


Proof: The proof of Theorem 133 is based on the following formulas which 
holds for Kahler manifolds: 

Ag = Ag, d* = — * d * and d* = — * d * , (109) 

where * is the Hodge star operator. See m page 95. On CY manifold we have 
the following duality: * : ~ induced by the Hodge star operator * 

of a CY metric and the holomorphic n form. Using this duality direct check 
shows that on CY manifolds we have 

*(lm9g) =lm(^dn-q ^ and * ^ImS, j =lm[dn-q) (HO) 

Formulas 110911 and llTTnil imply that we have det A^ ^ = det Ag ^ = det A”g = 
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Lemma 48 We have the following relations between the operators on a CY 
manifold 

Tr ^exp(-tA^ i) o T (l, (fi o = Tr ^exp(-iA” j) o T {n-l,4>i° <^i)) 
and 

Tr ^exp(-tA^ J o = Tr ^exp(-tA^ o (n - 1, (^i o 

( 111 ) 

by identifying the Hilbert spaces ImS C and ImS G Lf 

with Imc?* C and lu\d C Lf respectively by using 

17771) . 

Proof: We will need the following Propositions to prove Lemma 177^ 

Proposition 49 Let {uji} be an orthonormal basis at LetuJn = aJTA...AZZilf 
be the antiholomorphic volume form. Then for a (3 we have 

{(fi o cj)j A idn- 2 ) = ^ 0 )^ ^ ^ 

Proof: Formula lll2l follows directly from the definition of the linear operator 
[(fi o (fj A idn-2) 

Proposition 50 Let us define [tfi o (fj A idn-2)* ■ as follows: 

{ 4 >i o (j)j A idn-2)* (*Wfe) = * ((<^1 o 4 >j) (^)) (113) 

Let us denote by M [fij o (fi) and M (^{4>i o tpj A idn-2) ^ the matrices of the 

operators (pj o pi and {ppi o pj A idn-2) in the orthonormal bases with respect 
to the CY metric. Then fibrewise we have the equality 

M [pj o (/)j) = M (^{pi o pj A idn- 2 )*^ ■ (114) 

Proof: We need to compute the matrix of the operator [pi o pj A idn-2)* 
in the orthonormal basis uJif A ... A uJifZf and compare it with the matrix of the 
operator pj o pi of the bundle written in the orthonormal basis {tUi} . 

Let {uJi} be an orthonormal basis at 0;),’°. According to T;emmaTmthe op¬ 
erators pi : in the orthonormal basis {tVi} and {uJi} are given by 

symmetric matrices. From here (tmil follows directly. Indeed from the rela¬ 
tions of the elements of the matrices of the operators pi in an orthonormal basis 


[p^ o p^f_ = Y.Pi-s^i-p = ° ■ (115) 


ti=i 


fi=i 


A,/3 


^=1 


- 
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From the definition of the operator {^cj)i o (j)j A idn- 2 )* given by (llldll we get: 

{4>i o (t>j A idn- 2 ) {*Ldk) = * {{4>i o </>i) (^)) = * I (^^° 4>])\ (^) 1 = 


vk,l=l 


n n 

Y2 i't'i ° 4>j)k (* (^)) = YZ («^>i ° ... AZZiiriA wFjTTA ... AZIyi') 

k,l=l k,l=l 

(116) 

Combining iTTKll and fTTHll we get 


n 

{(j)i o (j)j A idn-2y ^ {<l>j o ^i)i A ... Azi?^ A z:^ A ... A u?;;;) = 


((/>* O (j)jy^ {uji A ... A LJk-i A u;a:+i A ... A cUn) ■ 

By using the Calabi-Yau metric and the holomorphic volume form we can iden¬ 
tify the dual of with This identification is given by 

ZUr A ... A uJi-1 A ZZZi+T A ... A ZZyT —s- loi. 

Thus from (tna we get 

* (('('i (^)) = 


{4>i o (j)j A idn- 2 ) (*Wfe) = ^ (((ij o (*a;fc) = ^ o Wfc (117) 

From in3 and we conclude Proposition EOl ® 

Corollary 51 Formula ([773 implies that the composition of the complex con¬ 
jugation with the Hodge star operator * identifies the restriction of the im¬ 
age [(j)j o 0j) (Im9) on Im5 in C°°{M,n]^) with the restriction of the image 

(^(fi o (jj A idn- 2 ) ^Im9*^ on Imi9* in C°°(M,f2^"'“^) and the restriction of (fjo 

(fi (lm5*) onlmcl* inC^ with the restriction of [cji o j>j A idn- 2 ) (lm9) 

on lm(3 in C°°(M,n^"'~^). 

From nn . (tnuii . and the identification with 11^” ^ we deduce that 
we can identify [(fj o (pfj Imc?* in C°°(M,Oj^°) with (0^ o (fj A idn- 2 ) Im9 in 
C'°°(M,0^"'“^) and {(fj o cjn) Imc? in C°°(M,flJ^^°) with {^(ji o (fj A idn- 2 ) Imi9 
in Since on a Kahler manifold we have that Ag = Aq, (I1 11 1I is 

established. Lemma I7H1 is proved. ■ 
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From we deduce that 

Tr (l, (jj^ o (j)j) + exp(-tA^ (l, 4>^ o = 

jTr (exp(—i) ((j)i o vol. (118) 

M 

We know that 

Tr^T [\,4>iO (j)j) + T 4>j)^ = Jtt ((j)iO (j)j) vol = W.P. (119) 

M 

Combining dH), cn with Theorem 1151 we deduce that 

d(f (logdet At i) = dd'^log (^t,i ^ ^^-i) “ — IrtYW.P. (120) 

Theorem H 7 I is proved. ■ 

Theorem 52 The relative dualizing sheaf {^x /mL(M)) '■= C is a trivial CP° 

line bundle. 

Proof: It is well known fact that a complex line bundle on a complex 
manifold 911(M) is topologically trivial if and only if its first Chern class is 
zero. According to dl Ih® Chern class of the relative dualizing sheaf 
TT* {uJx/mL{M)) := is the minus the imaginary part of the Weil-Petersson 
metric on 9!Jl(M). We observe that the regularized determinant of the Lapla- 
cian of the CY metric is a well defined function on 2H(M). Theorem 1471 im- 
plies that dd'^ (logdet A^.i) is minus the imaginary part of the Weil-Petersson 
metric on 9!Jl(M). Thus the first Chern class of the relative dualizing sheaf 
(<^Ar/OTi(M)) := is represented by the zero class of cohomology. This proves 
that the relative dualizing sheaf tt* {u)x := T is topologically trivial on 
S[n(M). Theorem 15^ is proved. ■ 


7 The Computation on Kahler Ricci flat Mani¬ 
fold with a Non Trivial Canonical Bundle 

Theorem 53 Suppose that M is n complex dimensional Kahler Ricci flat Man¬ 
ifold such that ~ Om- Then 

dd'^ (logdet AT-,n) = — ImW.P. (121) 

Proof: The proof of Theorem!^ is based on Theorem 1451 which shows that 
we need to compute 

J Tr(p' (n, {(ft o vol{g). 

M 
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Here we are using the fact that det = det A” Since we assumed that 
0 we get that 

J Tr(^T {n,{(l)iO(j)j)) j^vol{g) = j Tr [[[cfyio (j)j) ^idn-l)))vol{g). 

M M 

Direct computation using elementary linear algebra shows that if H H H is 
a linear operator acting on an n dimensional vector space then the trace of the 
operator A A idn-i acting on A"H is given by the formula: 

Tr{AAidn-i) =Tr{A). (122) 

From formula and the definition of the Weil-Petersson metric given by 

we derive II121II . Theorem 1^ is proved. ■ 
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